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13.2
13.3

Closing Thu:
Closing Sunday:

Exam 1 is Tues in quiz section

e covers 12.1-12.6, 13.1-13.3

e 4 pages of questions

e You get 50 minutes

e Allowed
o One 8.5 by 11 inch sheet of

handwritten notes (both sides)

o Ti-30x IIS calculator

7 =

13.3 Measurement Tools for Curves
t:o

Warm Up: Consider r(t) = (t,t?,0) ,f’:,—p\am
(a) Arer'(t) and r'(t) always orthogonal?

(b) Find T(t).

‘ To\rchf
rtt) =<1,2%,0 7 pcexachion
rily) =<0,2,07
r'(e) - D= przgqt+0O =0

P\léj oNly Wnen —l:=c>)

TCX) = ot -l—av'\gelf\:%

Here are some of my resources:

Exam 1 Review

Exam 1 Fact Sheet

My Exam Archive

Review HW and work thru several old

exams to prepare. o
T'Ce)

= l <\12_"]7}O>
\JTYITES
Ty =<', 2t ,o05
Jvgez e

15 alwoys pacpendicular
‘© T(t)


https://sites.math.washington.edu/~aloveles/Math126Materials/m126Exam1Review.pdf
https://sites.math.washington.edu/~aloveles/Math126Materials/m126Exam1FactSheet.pdf
https://sites.math.washington.edu/~aloveles/Math126Materials/examarchive.html

Important Conceptual Fact

Thm: T and T' are always orthogonal.

Proof: e ,_.n
SinceT-T = |T|? =

we differentiate both sides to get
T"-T+T-T' =0.

So2T-T' = 0.

Thus, T - T' = 0. (QED)

F2c4)



Part 1: TNB-Frame

T(t) = Ir:gl = unit tangent

N(t) = = principal unit normal \ |
2 17 P ‘j Lo

N01' Tal me C\A3SS cmng( e Tc+) N () € andl

TY ave ol an twne
Same Pl

TNB-Frame Cool Facts:
e T(t) and N(t) together give a good
approximation of the “plane of motion”
called the osculating (kissing) plane.

e T(t),N(t), r'(t),and r"'(t) are ALL
parallel to the osculating plane

Good news: Useful measurement tools.

Basic Visual: nips:mwwmathsd orgirRkin
Bad news: TNB vectors have messy formulas. tps:/futwtw. math3d org/rRKIN7



https://www.math3d.org/f1rRKiN7

Sp’18 — Exam 1 — Loveless
Find the principal unit normal vector N(t) for

r(t) =< 3t, cos(4t), sin(4t) >. Sin2 +C0S8% =1
Fee) = < 3, ~48IN(4E), HCOS(HED>

\ri= g+ ICoSiY)’(’-Pt}H(oCOS’-CLtt) = Jarie =Jzo=

-rc-t>— < 2 ) TEEINHE), U o5 rued>
©

T (V) = <o, "—g COS(4t) , —1o gi (yt) >

IT ] — \\O+ & 2 g

N 5 cészf:\t)f 16 ?_Sl}’)z\ oA 2
N&) = T ' s ) = &) -

[T>() | (2 <O T, - sinedd>)

V| S u a I S . https://www.math3d.org/eiaTISrA
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https://www.math3d.org/eiaTlSrA

Part 2: Arc Length (i.e. Distance)

t speed

s(t) = f\/(x (u)) + (y (u)) + (Z (u)) du = flr’(u)ldu = distance

ds

=2 — |7 ()| = speed Sp’19 — Exam 1 — Loveless
dt B p{’ =0 11 Find the distance along the curve
t=2hr$ ~ r(t) = (t3, 3t?, 6t) from (0,0,0) to (1,3,6).

t3=0 2=
Je2=0 34t%=3

| —
\Q’J‘ 0@”"@\)‘0 1B8)%+ (@) 4 > ot
C

A ,"r(r)

(
ra) )\ | / S CNAUT+ 3pt243, At

S I ,
./0 \) ‘)‘o 3J tH+ 4Lz +y. At
| . 342+ 2) ot =), Bt dt

< v 1) o [7]

Visual: https.//www.math3d.orq/U6VxUFDG



https://www.math3d.org/U6VxUFDG

Reparameterizing a curve in terms of
distance traveled: X=1¥34

= 22U
=TIME 3
Example @ 5= DU

1.Find the length of the curve

ST r(u) = (1 + 3u, 2u, 5u)
fromOtot. oSpeed =G meY

132 +221r 32 Ju
= 7138 ot
@B |, = o

(B :@ﬂ

distance= 3% (Time)

5= 170 .

S'pe.edk = d"_(gw
rivne

2.Reparameterize the curve in terms
of arc length, s.

X= l+3 (Time) = 113t
4y=2(TmME) = =t
Z2=56(TIiML) = 5¢



Curvature

The curvature at a point, K, is a measure of
how quickly a curve is changing direction
at that point.

change in direction

\

mess J .
|- &1 7

change in distance ds

AS
AT
ZA au (CV'S'H/L 'i 41

(—) ..... ---—---————---— “
| V
X |

Roughly, how much does your direction
change if you move a small amount (“one
inch”) along the curve?
T,-T1
K z n 2 L4 1 n
one inch

AT
As




This is NOT easy to compute directly from
arc length, so instead we use this...

dT

ds

'] [F'() X7 ()

B P B O TR IO

Cool Side Fact: The radius of curvature is
the radius of the circle that would best fit
this curve. It is always 1/K.

W 2>
" \Y\.’(O <>(/ FCY) O >
In 2D this becomes:
LS i 1f " (x)|
K(X) |r/|3

1 + (f (x))



Proof of shortcut (feel free to ignore):

AT'@) _ Ir @xr' ()|

Theorem: ol - T OF
Proof:
SinceT(t) = r’(t), we have
(t) Ir' (D]

r'(t) = |r'(®)|T().

Differentiating this gives (prod. rule):
r''(6) = [r'(OI'T@) + |[r' (OIT'(O).

Take cross-prod. of both sides with T:

Txr"=|r'"|"(TXT)+|r'|(TxT).

SinceT XT =<0,0,0 > (why?)

T/
and T = o we have

Taking the magnitude gives (why?)

' xr’|

!  __ / / . E
=T X T = LTI sin (),

|r

Since |T| = 1, we have
S

T'| =

Therefore
B dT‘ T [ x|
~ldsl '@ 3




Proof for 2D (again feel free to ignore)

To find curvature for a 2D function, y = f(x),
we can form a 3D vector function as follows

r(x) = (x, f(x),0)

so r'(x)=(1,f'(x),0) and
r’(x) = (0,f"(x),0)

Taking the cross-product gives...
r' xr'" =(0,0,f"(x))

Note that

Ir' x7r"| = \/02 + 0% + (f”(x))2 = |f" ()|
and

' ()] = 1+ (f'(x)?

I xal @)l
TP (e (re0)?)



Sp’19 — Exam 1 — Loveless
Find the curvature of
r(t) = (t3,3t%, 6t)att=0.

(A=< 3e2,0t, b2
(") = < wt, b, O>

‘-'éO) 8 (-))LO) - l J \< [
°© © ° :@_3(0)i—(o)d'-l-(o§|<
o v~ O

- <-36e,0,0 >

O - 137 - 30
\‘ \f-‘)(o>* = - 5@ _ (.‘_
\‘&(@2 = @ k(’b) (03 = G

——

Visua |S! https://www.math3d.ora/ExiDP27d



https://www.math3d.org/ExiDP27d

F'18 — Exam 1 — Loveless
For x >0, find the x-value at which curvature

is maximum for f(x) = %3
FOO = %2 = heignf

C’ f < = Sl(? e ZAN ~ Ewmo%re
F'(x)= X @ | Cmax) V@@wa
100 =2x =concaNity p | Sonoduve

KO = [Fo0 2|

m—

(l*'(f'()())zja/z (_H'(XZY) 3 /o

2X N2 y
: (1) dy . () 2-2x "'23*(If~><‘9 -2le’ _

N e TR x e o

%
21X D™ [‘l+x“)—(ax“J = O

l —‘5 X L/ = O XL{ — [ isuals: https://www.desmos.com/calculator/uutovrkvos

—

OyY =) 5 (x="mj

O



https://www.desmos.com/calculator/uutovrkvos

N

Preview of 13.4: Acceleration Since Force = F = m-a , we can think of

. L acceleration as the way the object is being
If t = time and position is given by

“pulled”.
r(t) = (x(0),y(0), z(t))
then Sometimes acceleration causes the object to
Crt+h) -1 | speed up or s!ow down and sometimes it

r'(t) = }lm(l) ; = velocity makes the object turn.

' __ changeindist __ds
|T (t)l - change in time - Speed o dt

r'(t+h) —r'(t)

144 — l

r'’(t) lim n
change in velocit

change in time



Tangential and Normal Components of

Acceleration

Definition:

ar = compr(a) = a-T =tangential comp.

ay = compy(a) = a-N =normal comp.
which can be rewritten as...

" X r"|

ar = —_—

r oy
7

and ay =

]

Notes:
- ar can be positive or negative (or zero)
positive — speedometer speed increasing
negative — speedometer speed decreasing

- ay is always positive (or zero)
(accel. points “inward” relative to the
curve, but not always “directly” inward)

For interpreting use,
d :
ar =v' = - |r'(t)| = “deriv. of speed”

ay = kv? = curvature - (speed)?

PijECtiIe Visual: https://www.math3d.org/QbuedSnK


https://www.math3d.org/QbuedSnK

